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ON SECANT DEFECTIVENESS AND IDENTIFIABILITY OF TORIC
VARIETIES
ANTONIO LAFACE, ALEX MASSARENTI, AND RICK RISCHTER
Abstract. Let N be a free abelian group, M := Hom(N,Z) its dual, MQ := M⊗ZQ the corresponding
rational vector space, P ⊆ MQ a full dimensional lattice polytope, and (XP ,H) the corresponding
polarized toric variety. We study the secant defectiveness and the identifiability ofXP in the embedding
induced by H . In particular, we give a bound, depending only on the maximum number of integer
points on a facet of P , for the non secant defectiveness of XP . Furthermore, as an application, we
get an almost asymptotically sharp bound for the non secant defectiveness and identifiability of Segre-
Veronese varieties.
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1. Introduction
The h-secant variety Sech(X) of a non-degenerate n-dimensional variety X ⊆ P
N is the Zariski
closure of the union of all linear spaces spanned by collections of h points of X. The expected di-
mension of Sech(X) is expdim(Sech(X)) := min{nh + h − 1, N}. In general, the actual dimension
of Sech(X) may be smaller than the expected one. In this case, following [CC10, Section 2] we say
that X is h-defective. The problem of determining the actual dimension of secant varieties, and its
relation with the dimension of certain linear systems of hypersurfaces with double points, have a very
long history in algebraic geometry, and can be traced back to the Italian school [Sco08], [Sev01],
[Ter11]. Since then the geometry of secant varieties has been studied and used by many authors in
various contexts [CC10], [Rus03], and the problem of secant defectiveness has been widely studied
for Veronese-Segre varieties, Grassmannians, Lagrangian Grassmannians, Spinor varieties and flag va-
rieties [AH95], [AB13], [AOP09], [CGG05], [CGG08],[CGG11], [LP13], [BBC12], [BCC11], [MR19],
[AMR19], [FMR20], [FCM19].
An important concept related to the theory of secant varieties is that of identifiability. We say that a
point p ∈ PN is h-identifiable, with respect to a non-degenerated variety X ⊆ PN , if it lies on a unique
(h − 1)-plane in PN that is h-secant to X. Especially when PN can be interpreted as a tensor space,
identifiability and tensor decomposition algorithms are central in applications for instance in biology,
Blind Signal Separation, data compression algorithms, analysis of mixture models psycho-metrics,
chemometrics, signal processing, numerical linear algebra, computer vision, numerical analysis, neu-
roscience and graph analysis [DL13a], [DL13b], [DL15], [KAL11], [SB00], [BK09], [CGLM08], [LO15],
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[MR13]. In pure mathematics identifiability questions often appears in rationality problems [MM13],
[Mas16].
In this paper we study secant defectiveness and identifiability of toric varieties. In order to state
our main results we need to set some preliminary notation. Let N be a rank n free abelian group,
M := Hom(N,Z) its dual and MQ := M ⊗Z Q the corresponding rational vector space. Let P ⊆MQ
be a full dimensional lattice polytope, that is the convex hull of finitely many points in M which
do not lie on a hyperplane. The polytope P defines a polarized pair (XP ,H) consisting of the toric
variety XP together with a very ample Cartier divisor H of XP . More precisely XP is the Zariski
closure of the image of the monomial map
φP : (C
∗)n −→ P|P∩M |−1
u 7→ [χm(u) : m ∈ P ∩M ]
where χm(u) denotes the Laurent monomial in the variables (u1, . . . , un) defined by the point m, and
H is a hyperplane section of XP . The defining fan Σ := Σ(X) ⊆ NQ of the normalization X˜P of XP is
the normal fan of P and H = −Σρ∈Σ(1)minm∈P 〈m,ρ〉Dρ, where each ρ denotes the primitive generator
of a 1-dimensional cone of Σ and Dρ is the corresponding torus invariant divisor. Each element v ∈ N
defines a 1-parameter subgroup of (C∗)n via the homomorphism ηv : C
∗ → (C∗)n defined by t 7→ tv.
We denote by Γv ⊆ X the Zariski closure of the curve (φP ◦ ηv)(C
∗).
Our main results on non secant defectiveness and identifiability of toric varieties in Theorem 3.7
and Corollary 5.5 can be summarized as follows.
Theorem 1.1. Let P ⊆MQ be a full-dimensional lattice polytope, XP ⊆ P
|P∩M |−1 the corresponding
n-dimensional toric variety, and m the maximum number of integer points on a hyperplane section of
P . If
h ≤
|P ∩M | −m
n+ 1
then XP is not h-defective. Furthermore, if in addition 2n <
|P∩M |−m
n+1 then, under the bound above,
XP is (h− 1)-identifiable.
The proof of Theorem 1.1, that we will now outline, mainly relies on a technique for triangulating
polytopes that we introduce in Section 2. The first step consists in writing the tangent space of XP at
a point Γv(a) = φP (ηv(a)) in terms of the points in P ∩M . Then we find vectors v1, . . . , vk ∈ N , not
necessarily primitive, and study when the linear span Λv1,...,vk(a) of the tangent spaces of XP at the
points Γv1(a), . . . ,Γvk(a) has the expected dimension. When this happens Terracini’s lemma [Ter11]
yields that XP is not h-defective. In order to pursue the previous step we proceed as follows: let S
be a subset of P ∩M of cardinality (n+ 1)k and assume that there are disjoint subsets S1, . . . , Sk of
S of cardinality n + 1 each of which is not contained in a hyperplane, and there are v1, . . . , vk ∈ N
such that for each 1 ≤ i ≤ k and each subset ∆ of cardinality n + 1 of S \ S1 ∪ · · · ∪ Si−1 the scalar
product 〈b(∆), vi〉 attains its maximum exactly at ∆ = Si, then we want to prove that the linear span
Λv1,...,vk(a) of the tangent spaces of XP at the points Γv1(a), . . . ,Γvk(a) has the expected dimension.
Therefore, the problem boils-down to finding a triangulation, given by the Si, of the polytope P that
fills P in the most efficient way possible.
The bound in Theorem 1.1 is, at the best of our knowledge, the first general bound for non secant
defectiveness of toric varieties appearing in the literature. Furthermore, we would like to mention that
a machinery based on polytopes triangulations and tropical geometry was introduced to study secant
defectiveness by J. Draisma in [Dra08].
In Section 5 we apply Theorem 1.1 to Segre-Veronese varieties. Let SV n1,...,nrd1,...,dr be the Segre-Veronese
variety given as the image, in PN with N =
∏r
i=1
(
ni+di
di
)
− 1, of Pn1 × · · · × Pnr under the embedding
induced by the complete linear system
∣∣OPn1×···×Pnr (d1, . . . , dr)∣∣.
For Segre varieties, secant defectiveness is classified in some special cases. Segre products of two
factors Pn1 × Pn2 ⊆ Pn1n2+n1+n2 are almost always defective. For Segre products P1 × · · · × P1 ⊆
PN , the problem was completely settled in [CGG11]. In general, h-defectiveness of Segre products
Pn1 × · · · × Pnr ⊆ PN is classified only for h ≤ 6 [AOP09].
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For Segre-Veronese varieties, that is products Pn1 × · · · × Pnr embedded by the complete linear
system
∣∣OPn1×···×Pnr (d1, . . . , dr)∣∣, di > 0, the problem of secant defectiveness has been solved in some
very special cases, mostly for products of few factors [CGG05], [AB09], [Abo10], [BCC11], [AB12],
[BBC12], [AB13]. Secant defectiveness for Segre-Veronese products P1×· · ·×P1, with arbitrary number
of factors and degrees, was completely settled in [LP13]. In general, h-defectiveness is classified only
for small values of h [CGG05, Proposition 3.2]. Moreover, results on the identifiability of Segre-
Veronese varieties have been recently given in [FCM20], and in [BBC18] under hypotheses on non
secant defectiveness.
Our main results on non secant defectiveness and identifiability of Segre-Veronese varieties in The-
orem 5.1 and Corollary 5.6 can be summarized as follows.
Theorem 1.2. The Segre-Veronese variety SV n1,...,nrd1,...,dr ⊆ P
N is not h-defective for
h ≤
dj
nj + dj
1
1 +
∑r
i=1 ni
r∏
i=1
(
ni + di
di
)
where
nj
dj
= max1≤i≤r
{
ni
di
}
. Furthermore, if in addition 2
∑r
i=1 ni <
dj
nj+dj
1
1+
∑r
i=1 ni
∏r
i=1
(
ni+di
di
)
,
under the bound above, SV n1,...,nrd1,...,dr ⊆ P
N is (h− 1)-identifiable.
Note that Theorem 1.2 gives a polynomial bound of degree
∑
i ni in the di, while in the ni we have
a polynomial bound of degree
∑
i di − 2. For Segre-Veronese varieties, the expected generic rank is
given by a polynomials of degree
∑
i ni in the di and of degree
∑
i di − 1 in the ni. At the best of our
knowledge, the bound in Theorem 1.2 is the best general bound so far for non secant defectiveness
and identifiability of Segre-Veronese varieties.
Organization of the paper. The paper is organized as follows. In Section 2 we introduce in detail
our technique for polytopes triangulation. In Section 3, taking advantage of our machinery, we study
secant defectiveness of toric varieties, and in Section 4 we classify possibly singular 2-secant defective
toric surfaces. In this context we would like to mention that 2-secant defective smooth toric varieties
were classified in [CS07]. In Section 5 we prove Theorem 1.2 and in Proposition 5.3 we recover,
with our techniques, a previously known classification of some special secant defective two factors
Segre-Veronese varieties. Finally, in Section 6 we discuss a Magma [BCP97] implementation of our
techniques.
Acknowledgments. The first named author was partially supported by Proyecto FONDECYT Reg-
ular N. 1190777. The second named author is a member of the Gruppo Nazionale per le Strutture
Algebriche, Geometriche e le loro Applicazioni of the Istituto Nazionale di Alta Matematica ”F. Severi”
(GNSAGA-INDAM).
2. Triangulating polytopes
Given a ∈ C∗ denote by Γv(a) the point φP (ηv(a)), and by m1, . . . ,mr the integer points of P ∩M .
Lemma 2.1. Given a point a ∈ C∗ the tangent space of X at Γv(a) is the projectivization of the vector
subspace of C|P∩M | generated by the rows of the following matrix
Mv(a) :=

a〈m1,v〉 . . . a〈mr ,v〉
〈m1, e1〉a
〈m1−e∗1,v〉 . . . 〈mr, e1〉a
〈mr−e∗1,v〉
...
...
〈m1, en〉a
〈m1−e∗n,v〉 . . . 〈mr, en〉a
〈mr−e∗n,v〉

Proof. The point Γv(a) is in the image of φP , so that we can use this parametrization to compute
the tangent space. Observe that since P is full dimensional, the map φP is finite, moreover it is e´tale
being equivariant with respect to the torus action. It follows that φP is smooth and thus the tangent
space of X at Γv(a) is spanned by the partial derivatives of order less than or equal to one of the
monomials χm1(u), . . . , χmr(u) evaluated at av. 
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Remark 2.2. Given a subset ∆ := {mi0 , . . . ,min} of cardinality n + 1 of P ∩M the corresponding
(n+ 1)× (n+ 1) minor of the matrix Mv(a), whenever a 6= 0, is
δv,∆(a) :=
a〈mi0+···+min ,v〉
a〈e
∗
1+···+e
∗
n,v〉
∣∣∣∣∣∣∣∣∣
1 . . . 1
〈mi0 , e1〉 . . . 〈min , e1〉
...
...
〈mi0 , en〉 . . . 〈min , en〉
∣∣∣∣∣∣∣∣∣
Observe that δv,∆(a) is non-zero exactly when the points of ∆ do not lie on a hyperplane.
Our strategy now is to consider vectors v1, . . . , vk ∈ N , not necessarily primitive, and study when
the linear span Λv1,...,vk(a) of the tangent spaces of X at the points Γv1(a), . . . ,Γvk(a) has the expected
dimension. By Lemma 2.1 the space Λv1,...,vk(a) is the linear span of the vertical join Mv1,...,vk(a) of
the matrices Mv1(a), . . . ,Mvk(a). Given a set ∆ of cardinality n+ 1 we denote by
(2.3) b(∆) :=
1
n+ 1
∑
m∈∆
m
its barycenter.
We will need the following result [Jan08]. Given K,L ⊆ [n] = {1, 2, . . . , n} and a n × n matrix A
we denote by AK,L the determinant of the submatrix obtained from A whose rows and columns are
indexed by the set K and L respectively.
Proposition 2.4 (Laplace’s generalized expansion for the determinant). Let A be an n × n matrix,
m < n a positive integer and fix a set of rows J = {j1 < · · · < jm}. Then
det(A) =
∑
I={i1<···<im}⊆[n]
(−1)i1+···+im+j1+···+jmAJ,IAJ ′,I′
where I ′ = [n] \ I and J ′ = [n] \ J .
The following is the main technical tool in our strategy.
Proposition 2.5. Let S be a subset of P ∩M and assume the following.
(1) There are disjoint subsets S1, . . . , Sk of S of cardinality n + 1 each of which is not contained
in a hyperplane.
(2) There are v1, . . . , vk ∈ N such that for each 1 ≤ i ≤ k and each subset ∆ not contained in a
hyperplane of cardinality n+1 of S \ S1 ∪ · · · ∪Si−1, the value 〈b(∆), vi〉 attains its maximum
exactly at ∆ = Si.
Then, up to a rescaling of the vi if needed, the matrix Mv1,...,vk(a) has maximal rank (n+ 1)k for any
a big enough.
Moreover, if in addition S = P ∩M and P ∩M \ S1 ∪ · · · ∪ Sk is affinely independent then the
matrix Mv1,...,vk,vk+1(a) has maximal rank |P ∩M | for any a big enough and any vector vk+1 6= 0.
Proof. First of all observe that the rank of Mv1,...,vk(a) does not change if we multiply one of its rows
by a non zero constant. We apply this modification to the matrix by multiplying the (i+1)-th row of
Mv(a) by a
〈e∗i ,v〉 for i = 1, . . . , n. In this way for each subset ∆ := {mi0 , . . . ,min} ⊆ S of cardinality
n+ 1 the minor δv,∆(a) becomes
δ˜v,∆(a) := a
(n+1)〈b(∆),v〉
∣∣∣∣∣∣∣∣∣
1 . . . 1
〈mi0 , e1〉 . . . 〈min , e1〉
...
...
〈mi0 , en〉 . . . 〈min , en〉
∣∣∣∣∣∣∣∣∣
Let M˜v1,...,vk(a) be the modified matrix and let M˜ be the (n+1)× k square submatrix whose columns
correspond to the points of the set S.
We denote by P(n+1, k) the set of partitions of S into k disjoint subsets of cardinality n+1. The
determinant of M˜ is a Laurent polynomial in C[a±1] with exponents given by sums of k terms of the
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form (n+1) 〈b(∆), vi〉. Applying the Laplace’s expansion in Proposition 2.4 several times we can write
this determinant as follows:
det(M˜) =
∑
(I1,...,Ik)∈P(n+1,k)
sign(I1, . . . , Ik)MI1MI2 · · ·MIk
where
sign(I1, . . . , Ik) = (−1)
1+2+···+(k−1)(n+1)+
∑
j∈I1∪···∪Ik−1
j
and MIj is the determinant of the (n + 1) × (n + 1) submatrix of M˜ whose columns and rows are
labeled respectively by Ij and {(j − 1)(n + 1) + 1, . . . , j(n + 1)}.
By the first assumption in the hypothesis, one of its terms is the non zero product
δ˜v1,S1(a) · · · δ˜vk,Sk(a)
Moreover, observe that each term of the determinant has the above form for some partition of S into
k disjoint subsets of cardinality n + 1. We will show that, up to rescaling the vectors v1, . . . , vk, the
above product is the leading term of the determinant and thus the matrix has maximal rank. By the
second assumption in the hypothesis the degree of δ˜v1,S1(a) is bigger than the degree of δ˜v1,∆(a) for
any ∆ 6= S1. Multiplying v1 by a positive integer we can also assume that the degree of δ˜v1,S1(a) is
bigger than the degree of δ˜vj ,∆(a) for any j > 1 and any ∆ ⊆ S of cardinality n+ 1. In a similar way
one proves inductively that, up to re-scaling vi, the following inequalities hold
deg δ˜vi,Si(a) >
{
deg δ˜vi,∆(a) for any ∆ ⊆ S \ S1 ∪ · · · ∪ Si−1 (by hypothesis (2))
deg δ˜vj ,∆(a) for any j > i and any ∆ ⊆ S (taking a big enough multiple of vi)
Note that we can choose the vi all distinct. The statement now follows by comparing the degree of
δ˜v1,S1(a) · · · δ˜vk ,Sk(a) with the degree of any other term of the determinant coming from a different
partition of S.
Finally, if in addition S = P ∩M and P ∩M \ S1 ∪ · · · ∪ Sk is affinely independent the matrix
Mv1,...,vk,vk+1(a) has rank at most r for any a 6= 0 and any vector vk+1 6= 0 since this is the dimension
of the subspace spanned by its rows. Now, consider Sk+1 := P ∩M \ S1 ∪ · · · ∪ Sk = {mj1 , . . . ,mjs}
and s = r − (n + 1)k. Since Sk+1 is affinely independent there are k1, . . . , ks−1 such that the s × s
matrix
N =

1 . . . 1
〈mj1 , ek1〉 . . . 〈mjs , ek1〉
...
...
〈mj1 , eks−1〉 . . . 〈mjs , eks−1〉

has rank s. Consider the submatrix
Nvk+1(a) :=

a〈mj1 ,v〉 . . . a〈mjs ,v〉
〈mj1 , ek1〉a
〈mj1−e
∗
k1
,v〉
. . . 〈mjs , ek1〉a
〈mjs−e
∗
k1
,v〉
...
...
〈mj1 , eks−1〉a
〈mj1−e
∗
ks−1
,v〉
. . . 〈mjs , eks−1〉a
〈mjs−e
∗
ks−1
,v〉

of Mvk+1(a) obtained from Mvk+1(a) taking only the rows 1, k1 +1, . . . , ks−1 +1. Now, we repeat this
construction using Nvk+1(a) instead of Mvk+1(a) and obtain a r× r matrix with non zero determinant.
Since it is a submatrix of Mv1,...,vk,vk+1(a) we conclude that Mv1,...,vk,vk+1(a) has rank r. 
The following is inspired by Proposition 2.5.
Definition 2.6. We say that ∆ ⊆ M is a simplex if ∆ contains n + 1 integer points and it is not
contained in an affine hyperplane. For any vector v ∈ N consider the linear form ϕv : M → R given
by ϕv(p) = 〈p, v〉. We will write
ϕv(∆) =
1
n+ 1
∑
p∈∆
ϕv(p)
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We say that v separates the simplex ∆ in a subset S ⊆M if
max{ϕv(T );T ⊆ S | T is a simplex} = ϕv(∆)
and the maximum is attained only at ∆.
Example 2.7. Consider P1 × P1 embedded with bi-degree (5, 3) and the corresponding polytope
∆ = ∆15 ×∆
1
3. Then the vector v = (1, 1) separates the simplex S1 = {(5, 3), (5, 2), (4, 3)}. However
w = (0, 1) does not separate any simplex. The picture below shows the simplexes S1, S2, . . . , S8
separated by the vectors
v1 = (1, 1), v2 = (a, 1) = v3 = v4 = v5 = v6 = v7
• • • • • •
• • • • • •
• • • • • •
• • • • • •
where v8 is arbitrary and a is big enough.
Remark 2.8. Let P ⊆ MQ be a full-dimensional lattice polytope, ∆1, . . . ,∆k disjoint simplexes
contained in P ∩M and v1, . . . , vk vectors in N . Assume that vi separates ∆i in ∆i ∪ · · · ∪∆k for any
i = 1 . . . k. Since the maximal in 2.6 is strict, if we take vectors w1, . . . , wk in N close enough to the
vi, then wi separates ∆i in ∆i∪ · · · ∪∆k for any i = 1 . . . k. Therefore, we may assume without loss of
generality that the vi are distinct. Observe that if vi separates ∆i in ∆i ∪ · · · ∪∆k for any i = 1 . . . k,
then any multiple of the vi will do so as well.
Remark 2.9. Note that the the convex hulls of the simplexes in Proposition 2.5 may overlap. Indeed,
consider
S1 := {P1, P2, P3}, S2 := {Q1, Q2, Q3}
where
P1 = (0, 0), P2 = (3, 1), P3 = (4, 0), Q1 = (−1,−2), Q2 = (1, 3), Q3 = (2, 2)
Then v = (1, 0) separates S1 in S1 ∪ S2. However, the convex hulls of S1 and S2 overlap.
3. Non secant defectiveness via triangulations
As a consequence of Proposition 2.5 we get the following criterion for non secant defectiveness of
toric varieties.
Theorem 3.1. Let P ⊆MQ be a full-dimensional lattice polytope, XP the corresponding toric variety,
∆1, . . . ,∆k disjoint simplexes contained in P ∩M and v1, . . . , vk vectors in N . If vi separates ∆i in
∆i ∪ · · · ∪ ∆k for any i = 1 . . . k then X is not k-defective. Moreover, if (P ∩M) \ ∆1, . . . ,∆k is
affinely independent then X is not defective. In particular, if P ∩M = ∆1 ∪ · · · ∪∆k then XP is not
defective.
Proof. Without loss of generality we can assume that P is contained in the positive quadrant and
contains the origin. Applying Proposition 2.5 with S = ∆1 ∪ · · · ∪ ∆k we get that Mv1,...,vk(a) has
maximal rank for any a big enough and the vi are distinct, taking multiples if necessary. Take any
a big enough, then the tangent spaces of XP at the points Γv1(a), . . . ,Γvk(a) are in general position.
By Terracini’s lemma [Ter11] we conclude that XP is not k-defective. For the second statement just
use second part of Proposition 2.5. 
Theorem 3.1 in principle can be applied to any toric variety, in particular to Segre-Veronese varieties,
one just need to describe the vectors v1, . . . , vk.
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Example 3.2. By Theorem 3.1 and Example 2.7 it follows that SV
(1,1)
(5,3) is not defective.
Now, we prove two technical lemmas in order to get a general bound for non secant defectiveness of
toric varieties from Theorem 3.1. In Section 5 we will specialize this bound to Segre-Veronese varieties.
Definition 3.3. Given a finite subset S ⊆M , the barycentric polytope of S, denoted by B(S) ⊆MQ,
is the convex hull of all the points b(∆), where ∆ varies among all the subsets of S of cardinality n+1
which are not contained in a hyperplane and b(∆) is as in (2.3).
Example 3.4. Consider
S = {A = (0, 0), B = (1, 0), C = (2, 0),D = (1, 1), E = (2, 1)}
as in the picture below. We have 9 possible ways of forming simplexes ∆ ⊆ S and the barycentric
polytope B(S) is a trapezoid. In the picture we draw circles in the barycenters of simplexes ∆ with
D,E ∈ ∆; we draw + on barycenters of simplexes with E ∈ ∆ but D /∈ ∆, and finally we draw × in
barycenters of simplexes with D ∈ ∆ but E /∈ ∆.
• • •
• •
◦ ◦ ◦
+ + +× × ×
A B C
D E
There are exactly two shared barycenters, corresponding to the pairs of simplexes
∆ = {A,D,C} and ∆′ := {A,B,E}
∆ = {B,C,D} and ∆′ := {A,C,E}
Note that neither of these shared barycenters are vertexes of B(S). The next lemma shows that this
is always the case.
Lemma 3.5. Let ∆,∆′ be two simplexes in S ⊆ M . If b(∆) = b(∆′) then b(∆) is not a vertex of
B(S).
Proof. Let ∆ = {p1, . . . , pn+1} and ∆
′ = {p′1, . . . , p
′
n+1}. We say that the pair (pi, p
′
j) is good if
∆ij := (∆ \ {pi}) ∪ {p
′
j} and ∆
′
ij := (∆
′ \ {p′j}) ∪ {pi}
are simplexes. Observe that it is enough to show that there exists a good pair with ∆ij 6= ∆, since
in this case b(∆) = b(∆′) is the mid point of the segment with vertexes b(∆ij) and b(∆
′
ij). To show
the existence of a good pair let us denote by Λi the hyperplane spanned by ∆ \ {pi} and by Λ
′
i the
hyperplane spanned by ∆′ \ {p′i}.
Note that if either pi ∈ Λ
′
j or p
′
j ∈ Λi then the pair (pi, p
′
j) is not good and viceversa. Assume
p1 /∈ ∆
′. We now show that at least one pair (p1, p
′
i) is good. Indeed, assume the contrary, then we
can partition the set {1, . . . , n + 1} into a disjoint union I ∪ J of two subsets such that p1 ∈ Λ
′
j for
any j ∈ I and p′i ∈ Λ1 for any i ∈ I. Then we would get
p1 ∈
⋂
j∈J
Λ′j = 〈p
′
i : i ∈ I〉 ⊆ Λ1
a contradiction. 
Lemma 3.6. Let S ⊆ P ∩M be a subset not contained in a hyperplane. Then there exists a vector
in N , with non-negative entries, separating a simplex in S.
Proof. Without loss of generality we can assume that P is contained in the positive quadrant. First,
assume that there is a vertex b(∆) of b(S) whose i-th coordinate is strictly bigger than those of the
other vertexes of b(S). In this case we may simply take v = e∗i . Now, if there are several vertexes with
the same i-th coordinate, say for i = 1, then among these we check if there is only one maximizing
the 2-th coordinate. If so we choose v = ae∗1 + e
∗
2 with a≫ 0. If not among the vertexes maximizing
8 ANTONIO LAFACE, ALEX MASSARENTI, AND RICK RISCHTER
also the 2-coordinate we consider those maximizing the 3-th coordinate. As before we have two cases,
in the first we take v = ae∗1 + be
∗
2 + e
∗
3 with a≫ b≫ 0, while in the second case among these vertexes
we consider those maximizing the 4-th coordinate. Proceeding recursively in this way and noting that
a vertex of b(S) corresponds to a, unique by Lemma 3.5, barycenter of a simplex in S, we get the
claim. 
We provide a bound for non secant defectivity of the projective toric variety X associated to a
polytope P by counting the maximum number of integer points on a hyperplane section of P .
Theorem 3.7. Let P ⊆MQ be a full-dimensional lattice polytope, XP ⊆ P
|P∩M |−1 the corresponding
n-dimensional toric variety, and m the maximum number of integer points in a hyperplane section of
P . If
h ≤
|P ∩M | −m
n+ 1
then XP is not h-defective.
Proof. Set S := P ∩M . By Lemma 3.6 there is a vector v1 ∈ N separating a simplex ∆1 in P . Now,
consider S \ ∆1. If |S \∆1| > m then S is not contained in a hyperplane and we may apply again
Lemma 3.6 to get a second vector v2 ∈ N separating a simplex ∆2 in S \∆1. Proceeding recursively
in this way, as long as |S \ (∆1 ∪ · · · ∪∆k)| > m, we get the statement by Theorem 3.1. 
In order to apply Theorem 3.7 in specific cases we will make use of the following result asserting
that the maximum number of integer points of P lying on a hyperplane is attained on a facet.
Proposition 3.8. Let P ⊆ MQ be full-dimensional lattice polytope such that there exist linearly
independent v1, . . . , vn ∈ N and facets F1, . . . , Fn such that for any i we have vj(Fi ∩M) = vj(P ∩M)
for any j 6= i. Then, given a hyperplane H ⊆ MQ, there exists a facet Fi, with 1 ≤ i ≤ n, such that
|H ∩ P ∩M | ≤ |Fi ∩M |.
Proof. Consider the map
pii : MQ −→ Q
n−1
x 7→ (v1(x), . . . , vi−1(x), vi+1(x), . . . , vn(x))
Note that by hypothesis pii(Fi ∩M) = pii(P ∩M). Observe that there exists an index i such that the
restriction of pii to H is injective. Then |H ∩P ∩M | = |pii(H ∩P ∩M)| ≤ |pii(Fi∩M)| ≤ |Fi∩M |. 
4. 2-secant defective toric surfaces
In this section we apply our methods to prove the following well-known fact.
Proposition 4.1. Let P ⊆ MQ be a 2-dimensional lattice polytope and XP the corresponding 2-
dimensional toric variety. Then XP is 2-defective if and only if either XP is a cone or P is contained
in V 22 .
Proof. Clearly, if XP is a cone or P is contained in the polytope of V
2
2 then XP is 2-defective. Assume
that neither XP is a cone nor P is contained in the polytope of V
2
2 . We may assume that M = Z
2, P
has at least 6 points, A = (0, 0), B = (0, 1), C = (1, 0) ∈ P and P is contained in the first quadrant.
To simplify the notation let us write D = (2, 0), E = (1, 1), F = (0, 2),∆0 = {A,B,C}. We
distinguish three cases depending on how many points there are in P ∩ {D,E,F}.
First assume that there are two points p, q in {D,E,F} ∩ P . Then there is at least one point
r ∈ (P ∩M) \∆22. Hence, using ∆1 = ∆0, v1 = (−1,−1),∆2 = {p, q, r} and any v2, we see that XP is
not 2-defective by Theorem 3.1.
Now, assume that {p} = {D,E,F} ∩ P has exactly one point. Then there are at least two points
q, r ∈ (P ∩M) \∆22. If there are such two points making ∆2 = {p, q, r} a simplex we are done as in
the previous case. We therefore can assume that all points in (P ∩M) \ ∆0 are collinear. We will
prove that p = E. Indeed, the points of P \ ∆0 can not all lie in the segment {(x, 0), x ≥ 2} since
XP is not a cone, and similarly they can not all lie on the segment {(0, y), y ≥ 2}. Therefore, there
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is a point G = (x, y) ∈ P with x ≥ 1 and y ≥ 1. Since E ∈ BCG and P is convex we conclude that
E ∈ (P ∩M).
Now, either the points in (P ∩M) \ ∆0 are contained in the vertical line {(1, y), y ≥ 1} or q =
(xq, yq), r = (xr, yr) for some 2 ≤ xq < xr and 1 ≤ yq < yr. In the first case we may use
∆1 = {A,B,E}, v1 = (1,−1),∆2 = {(1, 3), (1, 2), C}
with v2 arbitrary, and in the second case we may use
∆1 = {B, q, r}, v1 = (a, 1),∆2 = {A,C,E}, with a≫ 0
again with v2 arbitrary.
Finally, assume that {D,E,F}∩(P ∩M) = ∅. Then none of the points of P ∩M lies on the segments
{(x, 0), x ≥ 2} and {(0, y), y ≥ 2} and, as in the second case, we can prove that E ∈ (P ∩M). 
Remark 4.2. In higher dimension the analogue of Proposition 4.1 does not hold. Consider the
polytope P ⊆ Q3 with vertexes (0, 0, 1), (1, 0, 2), (0, 2, 1), (2, 2, 1), (1, 1, 0). The lattice points of P are
(0, 0, 1), (1, 0, 2), (0, 2, 1), (2, 2, 1), (1, 1, 0), (1, 1, 1), (1, 2, 1), (0, 1, 1)
and hence the corresponding map to a projective space is given by
(4.3)
(C∗)3 −→ P7
(x, y, z) 7→ (xyz, x2y2z, z, xz2, y2z, xy, xy2z, yz)
Note that P contains (1, 1, 1) as an interior point, and hence it is not equivalent, modulo GL(3,Z)
and translations, to a polytope contained in the polytope of the degree two Veronese embedding of
P3. Furthermore, XP is 2-defective by Terracini’s lemma. Now, the singular locus of XP is the union
of seven invariant curves, which correspond to the singular 2-dimensional cones of the normal fan, and
is stabilized by the action of the torus. Hence it corresponds via (4.3) to the locus stabilized by the
action of the torus on C3. Computing the differential of (4.3) we get that the line L corresponding
to the plane {z = 0} ⊆ C3 is in the singular locus of XP . Hence, if XP is a cone, this line must be
contained in its vertex. However, a line through a general point of L and the point (1, . . . , 1) ∈ XP
is not entirely contained in XP , and hence XP can not be a cone. The variety XP is a Gorenstein
canonical toric Fano 3-fold of degree 10. Its entry in the Graded Ring Database is 523456.
5. Bounds for Segre-Veronese Varieties
Let SV n1,...,nrd1,...,dr be the Segre-Veronese variety given as the image, in P
N with N =
∏r
i=1
(
ni+di
di
)
−1, of
Pn1 ×· · ·×Pnr under the embedding induced by the complete linear system
∣∣OPn1×···×Pnr (d1, . . . , dr)∣∣.
In the following we apply Proposition 3.7 to SV n1,...,nrd1,...,dr .
Theorem 5.1. The Segre-Veronese variety SV n1,...,nrd1,...,dr ⊆ P
N is not h-defective for
h ≤
dj
nj + dj
1
1 +
∑r
i=1 ni
r∏
i=1
(
ni + di
di
)
where
nj
dj
= max1≤i≤r
{
ni
di
}
.
Proof. Let ∆nidi ⊆ Q
ni+1 be the standard simplex. The polytope P = ∆n1d1 × · · · ×∆
nr
dr
has
r∏
i=1
(
di + ni
di
)
integer points, and each facet is given by the Cartesian product of a facet of one of the ∆
nj
dj
and the
remaining ∆nidi for i 6= j. Therefore, each facet contains
fj =
(
dj + nj − 1
dj
) r∏
i 6=j
(
di + ni
di
)
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points for some j. Now, we compare the number of integer points on each facet:
fj ≤ fk(
dj + nj − 1
dj
) r∏
i 6=j
(
di + ni
di
)
≤
(
dk + nk − 1
dk
) r∏
i 6=k
(
di + ni
di
)
(
dj + nj − 1
dj
)(
dk + nk
dk
)
≤
(
dk + nk − 1
dk
)(
dj + nj
dj
)
dk + nk
nk
≤
dj + nj
nj
dk
nk
≤
dj
nj
Therefore the facet with maximum number of integer points is the one which minimizes di
ni
that is
maximizes ni
di
. Assume that
nj
dj
= max1≤i≤r
{
ni
di
}
.
Since P satisfies the conditions in Proposition 3.8 the maximum number of integer points in a
hyperplane section of P is attained on a facet and in this case it is given by(
dj + nj − 1
dj
) r∏
i 6=j
(
di + ni
di
)
Finally, to conclude it is enough to note that
1
1 +
∑
i ni
 r∏
i=1
(
di + ni
di
)
−
(
dj + nj − 1
dj
) r∏
i 6=j
(
di + ni
di
)
=
1
1 +
∑
i ni
(
dj + nj − 1
dj − 1
) r∏
i 6=j
(
di + ni
di
)
=
1
1 +
∑
i ni
dj
dj + nj
r∏
i=1
(
di + ni
di
)
=
1
1 +
nj
dj
1
1 +
∑
i ni
r∏
i=1
(
di + ni
di
)
and to apply Theorem 3.7. 
Remark 5.2. According to Theorem 5.1 we have a polynomial bound of degree
∑
i ni in the di, while
in the ni we have a polynomial bound of degree
∑
i di − 2.
A bound for non secant defectiveness of Segre varieties was given in [Ges13, Theorem 1.1] using
the inductive machinery developed in [AOP09]. When the numbers ni + 1 are powers of two [Ges13,
Corollary 5.1] gives a sharp asymptotic bound for non secant defectiveness of Segre varieties. However,
for general values of the ni the bound in [Ges13, Theorem 1.1] tends to zero when r goes to infinity.
Proposition 5.3. The Segre-Veronese variety SV 1,n2k+1,2 is not defective. Furthermore, SV
1,n
2k,2 is not
h-defective for h ≤ k(n+ 1).
Proof. Let us begin with SV 1,n2k+1,2. The corresponding polytope is P = ∆
1
2k+1 ×∆
n
2 where
∆12k+1 = {0, 1, . . . , 2k + 1} and ∆
n
2 = {(x1, . . . , xn) ∈ Z≥0;
∑
xj ≤ 2}
We view P as a union of 2k+2 floors labeled by ∆12k+1. We will triangulate each pair of floors. Note
that it is enough to do this in the case k = 0 where we have just two floors.
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Consider the following disjoint subsets of P
S1 = {e1 + e2} ∪ {e1 + e2 + ej; j = 2 . . . n+ 1} ∪ {e2 + e2}
S2 = {e1 + e3} ∪ {e1 + e3 + ej; j = 3 . . . n+ 1} ∪ {e3 + ej ; j = 2, 3}
...
Sn = {e1 + en+1} ∪ {e1 + en+1 + en+1} ∪ {en+1 + ej ; j = 2, . . . n+ 1}
Sn+1 = {(0, . . . , 0)} ∪ {ej ; j = 1 . . . n+ 1}
Note that each set Si has cardinality n+2 and since |P | = 2
(
n+2
2
)
= (n+1)(n+2) we have P =
⋃n+1
i=1 Si.
Moreover each Si is an (n+ 1)-simplex in Q
n+1.
Now, consider integers
b1 ≫ b2 ≫ · · · ≫ bn+1 > 0
and vectors
v1 = (b1, b2, 0, . . . , 0)
v2 = (b1, b3, b2, 0, . . . , 0)
v3 = (b1, b4, b3, b2, 0, . . . , 0)
...
vn = (b1, bn+1, . . . , b2)
vn+1 = (1, 1, . . . , 1)
We will show that these vectors and simplexes make Theorem 3.1 work. In the first step in order
to maximize 〈b(∆), v1〉 we need that ∆ has the maximum possible number of points on the top floor,
corresponding to e1. Furthermore, since e2 appears in all the vectors of S1 and b2 ≫ b3 · · · ≫ bn+1
among the simplexes having n+1 points on the top floor the one maximizing 〈b(∆), v1〉 is S1. Therefore,
v1 separates S1.
Now, note that the remaining points on the top floor are exactly the ones in the hyperplane x2 = 0.
Then, among the simplexes with points in S \ S1 the ones maximizing 〈b(∆), v2〉 must have n points
on the top floor and two on the bottom floor. Since b2 ≫ b3 the points on the top floor must have
the third coordinate non zero, and since there exactly n of these we have to take all of them. By the
same argument on the bottom floor we have to take (0, 1, 1, 0, . . . , 0) and (0, 0, 2, 0, . . . , 0). Hence, v2
separates S2.
Now, the remaining points on the top floor are in the linear space x2 = x3 = 0. Arguing similarly
we see that v1, . . . , vn separate S1, . . . , Sn. In the last step there are just n + 2 points left and these
form a simplex. Setting Sn+1 = ∆ \ ∪
n
i=1Si any vector vn+1 will do.
Therefore, for each pair of floors we construct n+1 simplexes and since we have k+1 pairs of floors
Theorem 3.1 yields that SV 1,n2k+1,2 ⊆ P
N is not h-defective for h ≤ (k + 1)(n + 1). Then
dim Sec(k+1)(n+1)(SV
1,n
2k+1,2) = (k + 1)(n + 1)
2 + (k + 1)(n + 1)− 1 = (k + 1)(n + 1)(n + 2)− 1 = N
and SV 1,n2k+1,2 ⊆ P
N is not defective.
Now, consider SV 1,n2k,2. In this case we have 2k + 1 floors. Considering just the first 2k of them and
arguing as in the previous case we get that SV 1,n2k,2 is not h-defective for h ≤ k(n + 1). 
Remark 5.4. The non secant defectiveness of SV 1,n2k+1,2 was proven, by different methods, in [Abr08,
Proposition 3.1]. Furthermore, by [Abr08, Proposition 3.2] SV 1,n2k,2 is h-defective for k(n + 1) + 1 ≤
h ≤ k(n+ 1) + n.
5.4. On identifiability of toric varieties. Let X ⊆ PN be an irreducible non-degenerated variety.
A point p ∈ PN is said to be h-identifiable, with respect to X, if it lies on a unique (h − 1)-plane
h-secant to X. We say that X is h-identifiable if the general point of Sech(X) is h-identifiable.
Corollary 5.5. Let P ⊆MQ be a full-dimensional lattice polytope, XP the corresponding n-dimensional
toric variety, and m the maximum number of points on a hyperplane section of P ∩M . Assume that
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2n < |P∩M |−m
n+1 . Then, for
h ≤
|P ∩M | −m
n+ 1
XP is (h− 1)-identifiable.
Proof. It is enough to apply Theorem 3.7 and [CM19, Theorem 3]. 
Corollary 5.6. Consider the Segre-Veronese variety SV n1,...,nrd1,...,dr ⊆ P
N . Set
nj
dj
= max1≤i≤r
{
ni
di
}
, and
assume that 2
∑r
i=1 ni <
dj
nj+dj
1
1+
∑r
i=1 ni
∏r
i=1
(
ni+di
di
)
. Then, for
h ≤
dj
nj + dj
1
1 +
∑r
i=1 ni
r∏
i=1
(
ni + di
di
)
SV n1,...,nrd1,...,dr ⊆ P
N is (h− 1)-identifiable.
Proof. It is enough to apply Theorem 5.1 and [CM19, Theorem 3]. 
6. A Magma script
In this section we present an algorithmic implementation of Theorem 3.1 and show what kind of
results it can provide for Segre-Veronese varieties. The algorithm goes as follows:
(1) begin with an n-dimensional polytope P ⊆MQ;
(2) choose a random vector v ∈ N and sort the points x ∈ P according to the values ϕv(x), write
then P = {x1, . . . , xp}, where ϕv(x1) ≤ · · · ≤ ϕv(xp);
(3) if ϕv(xp−n−1) < ϕv(xp−n) and ∆ = {xp−n, . . . , xp} has dimension n then v separates ∆ in P ,
in this case go to step (4) otherwise go to step (2);
(4) replace P by P \∆, if |P | < n+ 1 go to step (5) otherwise go to step (2);
(5) if P is either affinely independent or empty then XP is not defective otherwise begin from step
(1) again with the original P .
This procedure can show that a toric variety is not defective but can not determine whether it is
defective. Furthermore, some details must be considered.
First, it can happen that |P | > n + 1 but P is not n dimensional anymore after separating some
simplexes. This will happen, for instance, every time that XP is h-defective and expdim(Sech(XP )) =
nh+h− 1 < N . In this case the script would run steps (2) and (3) indefinitely. In order to avoid this
one can fix a maximum number of tries.
Another issue is that if XP is defective the script will run forever going from step (1) to step (5)
and then back to step (1). Again one can fix a maximum number of tries to avoid this.
Unfortunately in both cases we can not distinguish whether the variety is defective or not, and
indeed is impossible for the computer to find a good vector v or a good triangulation, or there is
a solution but the computer just did not found it yet. Despite these limitations we where able to
use an implementation of this algorithm in MAGMA [BCP97] in order to find several non defective
Segre-Veronese varieties.
First we look at Segre-Veronese varieties with two factors SV
(n1,n2)
(d1,d2)
. We assume that n1 ≤ n2 and
n2 > 1 since by [LP13, Theorem 2.2] SV
(1,1)
(d1,d2)
is defective if and only if d1 = 2 and d2 is even. We
also assume that (d1, d2) 6= (1, 1) since Segre varieties with two factors are almost always defective.
If either n1 = 1 or n1 = 2 we get the results listed in Tables 1 and 2. The only cases where the
script was unable to prove the non defectiveness are the already known ones, see [AB13, Conjecture
5.5 (b)(d)] and [AB13, Conjecture 5.5 (a)(c)(e)] respectively.
For 3 ≤ n1 ≤ 4, n1 ≤ n2 ≤ 5 we found six cases, see Table 3, where the computer was unable to
check that the corresponding Segre-Veronese variety is not defective. Again these cases are already
described in the literature [AB13, Conjecture 5.5 (c)(e)].
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(n1, n2) (d1, d2) 6= (1, 1) known defective cases possible new defective cases
(1, 2) d1 + d2 ≤ 40 (1, 3), (2k, 2), 1 ≤ k ≤ 19 none
(1, 3) d1 + d2 ≤ 20 (2k, 2), 1 ≤ k ≤ 9 none
(1, 4) d1 + d2 ≤ 10 (2k, 2), 1 ≤ k ≤ 4 none
(1, 5) d1 + d2 ≤ 9 (2k, 2), 1 ≤ k ≤ 3 none
(1, 6) d1 + d2 ≤ 5 (2, 2) none
(1, 7) d1 + d2 ≤ 3 none none
Table 1. Script results for SV (1,n2)(d1,d2)
(n1, n2) (d1, d2) 6= (1, 1) known defective cases possible new defective cases
(2, 2) d1 + d2 ≤ 23 (2, 2) none
(2, 3) d1 + d2 ≤ 10 (1, 2), (2, 2) none
(2, 4) d1 + d2 ≤ 6 (2, 2) none
(2, 5) d1 + d2 ≤ 4 (1, 2), (2, 1), (2, 2) none
(2, 6) d1 + d2 ≤ 3 (2, 1) none
Table 2. Script results for SV (2,n2)(d1,d2)
(n1, n2) (d1, d2) 6= (1, 1) known defective cases possible new defective cases
(3, 3) d1 + d2 ≤ 8 (2, 2) none
(3, 4) d1 + d2 ≤ 5 (2, 1), (2, 2) none
(3, 5) d1 + d2 ≤ 4 (2, 2), (3, 1) none
(4, 4) d1 + d2 ≤ 5 (2, 2) none
(4, 5) d1 + d2 ≤ 3 none none
Table 3. Script results for SV (n1,n2)(d1,d2) , 3 ≤ n1 ≤ 4, n1 ≤ n2 ≤ 5
Now we proceed with Segre-Veronese varieties with three factors SV
(n1,n2,n3)
(d1,d2,d3)
. We assume that
n1 ≤ n2 ≤ n3 and n3 > 1 since [LP13, Theorem 2.2] classifies defective products of P
1. In the cases
where n1 = n2 we assume that d1 ≤ d2 and similarly for n2 = n3 we assume that d2 ≤ d3.
By [CGG05] the following Segre-Veronese varieties are defective:
SV
(1,1,2)
(1,1,2) , SV
(1,1,3)
(1,1,2) , SV
(1,1,4)
(1,1,2) , SV
(1,1,5)
(1,1,2) , SV
(1,1,6)
(1,1,2) , SV
(1,1,2)
(2,2,2) , SV
(1,1,3)
(2,2,2) , SV
(1,1,2)
(1,3,1) , SV
(1,1,3)
(1,4,1) , SV
(1,1,4)
(1,5,1)
SV
(1,2,2)
(2k,1,1), SV
(1,2,3)
(5,1,1) , SV
(1,2,4)
(6,1,1) , SV
(1,3,3)
(2k,1,1), SV
(2,2,2)
(2,1,1) , SV
(2,3,3)
(2,1,1)
The following ones are also defective by [CGG08, Theorem 2.4] since they are unbalanced:
SV
(1,1,3)
(1,1,1) , SV
(1,1,4)
(1,1,1) , SV
(1,1,5)
(1,1,1) , SV
(1,1,5)
(1,2,1) , SV
(1,2,4)
(1,1,1) , SV
(1,1,6)
(1,1,1) , SV
(1,1,6)
(1,2,1) , SV
(1,2,5)
(1,1,1)
The variety SV
(2,2,2)
(1,1,1) is defective by [LM08, Theorem 3.1].
(n1, n2, n3) (d1, d2, d3), d1 ≤ d2 known defective defective cases possible new defective cases
(1, 1, 2) d1 + d2 + d3 ≤ 13 (1, 1, 2), (1, 3, 1), (2, 2, 2) (1, 5, 1), (1, 8, 1), (1, 10, 1)
(1, 1, 3) d1 + d2 + d3 ≤ 11 (1, 1, 1), (1, 1, 2), (1, 4, 1), (2, 2, 2) (1, 3, 1), (1, 6, 1), (1, 7, 1), (1, 9, 1)
(1, 1, 4) d1 + d2 + d3 ≤ 9 (1, 1, 1), (1, 1, 2), (1, 5, 1) (1, 4, 1), (1, 7, 1)
(1, 1, 5) d1 + d2 + d3 ≤ 7 (1, 1, 1), (1, 1, 2), (1, 2, 1) (1, 4, 1), (1, 5, 1)
(1, 1, 6) d1 + d2 + d3 ≤ 4 (1, 1, 1), (1, 1, 2), (1, 2, 1) none
Table 4. Script results for SV (1,1,n3)(d1,d2,d3)
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(n1, n2, n3) (d1, d2, d3) known defective defective cases possible new defective cases
(1, 2, 2) d1 + d2 + d3 ≤ 11 (2, 1, 1), (4, 1, 1), (6, 1, 1), (8, 1, 1) none
(1, 2, 3) d1 + d2 + d3 ≤ 9 (5, 1, 1) (2, 1, 1), (3, 1, 1), (7, 1, 1)
(1, 2, 4) d1 + d2 + d3 ≤ 7 (1, 1, 1) (3, 1, 1), (5, 1, 1)
(1, 2, 5) d1 + d2 + d3 ≤ 4 (1, 1, 1) none
(1, 3, 3) d1 + d2 + d3 ≤ 7 (2, 1, 1), (4, 1, 1) none
(1, 3, 4) d1 + d2 + d3 ≤ 4 (2, 1, 1) none
Table 5. Script results for SV (1,2,n3)(d1,d2,d3) and SV
(1,3,n3)
(d1,d2,d3)
(n1, n2, n3) (d1, d2, d3) known defective defective cases possible new defective cases
(2, 2, 2) d1 + d2 + d3 ≤ 9 (1, 1, 1), (1, 1, 2) none
(2, 2, 3) d1 + d2 + d3 ≤ 6 none none
(2, 2, 4) d1 + d2 + d3 ≤ 4 none none
(2, 3, 3) d1 + d2 + d3 ≤ 4 (2, 1, 1) (1, 1, 1)
Table 6. Script results for SV (2,n2,n3)
(d1,d2,d3)
In Tables 4, 5 and 6 we present the results found for Segre-Veronese of three factors. We were
unable to check whether the varieties
SV
(1,1,2)
(1,5,1) , SV
(1,1,2)
(1,8,1) , SV
(1,1,2)
(1,10,1), SV
(1,1,3)
(1,3,1) , SV
(1,1,3)
(1,6,1) , SV
(1,1,3)
(1,7,1) , SV
(1,1,3)
(1,9,1) , SV
(1,1,4)
(1,4,1) , SV
(1,1,4)
(1,7,1) , SV
(1,1,5)
(1,4,1)
SV
(1,1,5)
(1,5,1) , SV
(1,2,3)
(2,1,1) , SV
(1,2,3)
(3,1,1) , SV
(1,2,3)
(7,1,1) , SV
(1,2,4)
(3,1,1) , SV
(1,2,4)
(5,1,1) , SV
(1,3,4)
(2,1,1) , SV
(2,3,3)
(1,1,1)
are defective or not.
In some particular cases defectiveness can be proved by producing low degree rational curves through
a certain number of general points on a Segre-Veronese variety.
Lemma 6.1. Consider the product X = Pn1 × · · · × Pnr with n1 < n2 ≤ · · · ≤ nr. There exists a
rational curve in X of multi-degree (n1, . . . , nr) through n1 + 3 general points p1, . . . , pn1+3 ∈ X.
Proof. Let us begin with the case n2 = · · · = nr = n1 + 1. We view P
n1 as a linear subspace of
Pn2 ⊆ · · · ⊆ Pnr , and write pi = (p
1
i , . . . , p
r
i ) where p
j
i ∈ P
nj . Without loss of generality we may
assume that p11, . . . , p
1
n1+2
∈ Pn1 are the projections from pjn1+3 of p
j
1, . . . , p
j
n1+2
for all j = 2, . . . , r.
Let C1 ⊆ P
n1 be the unique rational normal curve of degree n1 through p
1
1, . . . , p
1
n1+3. This is the
image of a morphism γ1 : P
1 → C1 ⊆ P
n1 of degree n1 such that γ1(xk) = p
1
k for k = 1, . . . , n1 + 3
where x1, . . . , xn1+3 ∈ P
1.
Now, consider a projective space Pni with i > 1. The rational normal curves in Pni through
pi1, . . . , p
i
n1+2 form a family of dimension greater than or equal to n1− 1 and the equality holds if and
only if ni = n1 + 1. Among these curves there is one γi : P
1 → Ci ⊆ Pni whose tangent direction at
pjni+3 is given by the line
〈
pjn1+3, p
1
n1+3
〉
and such curve is unique if and only if ni = n1 + 1. Hence,
we have the following commutative diagram
P1 Ci
C1
γi
pii
γ1
where pii : Ci → C1 is the morphism induced by the projection from p
i
n1+3. Consider the points
yj = γ
−1
i (p
i
j) for j = 1, . . . , n1 + 3. The automorphism γ
−1
1 ◦ pii ◦ γi ∈ PGL(2) maps yj to xj, and we
may use it to reparametrize γi to a curve pi
−1
i ◦ γ1 : P
1 → Ci ⊆ P
ni such that (pi−1i ◦ γ1)(xj) = p
i
j for
j = 1, . . . , n1 + 3.
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Finally, the map
γ : P1 −→ C ⊆ Pn1 × · · · × Pnr
t 7−→ (γ1(t), . . . , γr(t))
yields a curve of multi-degree (n1, . . . , nr) in P
n1 × · · · × Pnr such that γ(xi) = pi = (p
1
i , . . . , p
r
i ) for
i = 1, . . . , n1 + 3.
When ni > n1 + 1 first we project Ci from a certain number of general points in order to reach a
projective space of dimension n1 + 1 and then we apply the argument above. 
Proposition 6.2. The Segre-Veronese varieties SV
(2,2,2)
(1,1,1) and SV
(2,3,3)
(1,1,1) are respectively 4-defective and
5-defective.
Proof. Let us begin with SV
(2,3,3)
(1,1,1) . Let p ∈ Sec5(SV
(2,3,3)
(1,1,1) ) be a general point lying on the span of
general points p1, . . . , p5 ∈ SV
(2,3,3)
(1,1,1) . By Lemma 6.1 there is a rational curve in P
2 × P3 × P3 of
multi-degree (2, 3, 3) through 5 general points and via the Segre-Veronese embedding we get a rational
normal curve C ⊆ SV
(2,3,3)
(1,1,1) of degree eight through p1, . . . , p5.
Now, C spans a linear space Π ∼= P8 passing through p. Any 4-dimensional linear subspace of
Π passing through p that is 5-secant to C is 5-secant to SV
(2,3,3)
(1,1,1) as well. Hence, if this family of
4-dimensional linear spaces has positive dimension we get that SV
(2,3,3)
(1,1,1) is 5-defective. To conclude it
is enough to observe that by [MM13, Theorem 3.1] such family has dimension one.
Now, consider SV
(2,2,2)
(1,1,1) . We may move four general points of SV
(2,2,2)
(1,1,1) on the diagonal. This a
Veronese variety V 23 spanning a linear subspace Π
∼= P9. Arguing as in the first part of the proof
we have that if the family of 3-dimensional linear subspaces of Π through a general point of Π and
4-secant to V 23 form a family of positive dimension then SV
(2,2,2)
(1,1,1) is 4-defective. To conclude it is
enough to observe that by [MM13, Proposition 1.2] such family is 2-dimensional. 
Remark 6.3. The 4-defectiveness of SV
(2,2,2)
(1,1,1) was already well-known thanks to an explicit equa-
tion for Sec4(SV
(2,2,2)
(1,1,1) ) originally worked out by V. Strassen [Str88] and then generalized by J. M.
Landsberg, L. Manivel and G. Ottaviani [CGO14], [LM08], [Ott09], [LO13].
6.3. On secant defectivity of SV
(1,1,1)
(d1,d2,d3)
. Let P := P1 × P1 × P1, Hi the pull-back of a hyperplane
on the i-th factor of P, and p1, p2 ∈ P general points. Denote by L(a, b, c; 2
r) the non complete linear
system |aH1+bH2+cH3−
∑r
i=1 2pi| on P, and let X → P be the blow-up of P at p1, p2 with exceptional
divisors E1, E2. Without loss of generality we may take p1 = ([0 : 1], [0 : 1], [0 : 1]), p2 = ([1 : 0], [1 :
0], [1 : 0]). Consider the rational map
φ : P 99K P
([x0 : x1], [y0 : y1], [z0 : z1]) 7→ ([x1y0 : x0y1], [y0 : y1], [y0z1 : y1z0])
Note that φ2([x0 : x1], [y0 : y1], [z0 : z1]) = φ([x1y0 : x0y1], [y0 : y1], [y0z1 : y1z0]) = ([x0y1y0 :
x1y0y1], [y0 : y :1], [y0y1z0 : y1y0z0]) = ([x0 : x1], [y0 : y1], [z0 : z1]). So φ is an involution.
Then the exceptional locus of φ is the inverse image via φ of the indeterminacy locus of φ−1 = φ.
Such indeterminacy locus is given by
{x1y0 = x0y1 = 0} = {[0 : 1]× [0 : 1]× P
1} ∪ {[1 : 0]× [1 : 0]× P1}
{y0z1 = y1z0 = 0} = {P
1 × [0 : 1]× [0 : 1]} ∪ {P1 × [1 : 0]× [1 : 0]}
Hence the exceptional locus of φ is given by
{P1 × [0 : 1]× P1} ∪ {P1 × [1 : 0]× P1}
In particular φ lifts to a birational, but not biregular, involution φ˜ : X 99K X, mapping {P1×[0 : 1]×P1}
to E1 and {P
1 × [1 : 0]× P1} to E2, which is an isomorphism in codimension one. The action of φ˜ on
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Pic(X) ∼= Z[H1,H2,H3, E1, E2] is given by the following matrix
1 0 0 0 0
1 1 1 1 1
0 0 1 0 0
−1 0 −1 −1 0
−1 0 −1 0 −1

where we keep denoting by H1,H2,H3 their pull-backs on X. Therefore, φ˜ maps the linear system
L(d1, d2, d3;m1,m2) to the linear system L(d1, d1+ d2+ d3−m1−m2, d3; d1+ d3−m1, d1+ d3−m2).
Now, consider a linear system of the form L(d1, d2, d3; 2
2r) that is with 2r double base points.
Applying the map φ centered at two of the double points we get L(d1, d1+d2+d3−4, d3; d1+d3−2, d1+
d3 − 2, 2
2r−2). Now, applying again the map φ centered at two of the remaining double points to this
new linear system we get L(d1, 2d1+d2+2d3−8, d3; d1+d3−2, d1+d3−2, d1+d3−2, d1+d3−2, 2
2r−4).
Proceeding in this way, after r steps, we get the linear system L(d1, rd1+d2+rd3−4r, d3; (d1+d3−2)
2r).
Summing up applying r maps of type φ we have
(6.4) L(d1, d2, d3; 2
2r) 7→ L(d1, rd1 + d2 + rd3 − 4r, d3; (d1 + d3 − 2)
2r)
Similarly applying r maps of type φ to a linear system with an odd number of double base points we
get
(6.5) L(d1, d2, d3; 2
2r+1) 7→ L(d1, rd1 + d2 + rd3 − 4r, d3; (d1 + d3 − 2)
2r, 2)
For instance (6.4) yields that L(1, d, 1; 22r) goes to L(1, d − 2r, 1) and this last linear system has
the expected dimension. So by Terracini’s lemma [Ter11] SV
(1,1,1)
(1,d,1) is not 2r-defective for any r. Note
that since SV
(1,1,1)
(1,d,1)
⊆ P4(d+1)−1 when d is odd we get that SV
(1,1,1)
(1,d,1)
is not h-defective for any h while
when d = 2a is even we miss the last secant variety, namely the (2a + 1)-secant variety, which is
indeed defective. To see this note that the linear system L(1, 2a, 1; 22a+1) is equivalent to L(1, 0, 1; 2),
the (2a+ 1)-secant variety of SV
(1,1,1)
(1,2a,1) is expected to fill the ambient space P
8a+3 but by considering
the tangent plane to the quadric surface given by the first and the third copies of P1 we see that
L(1, 0, 1; 2) has one non trivial section.
Similarly, L(1, d, 2; 22r) goes to L(1, d − r, 2; 12r) which has the expected dimension. In this case
we get that SV
(1,1,1)
(1,d,2) ⊆ P
6(d+1)−1 is not h-defective for any h ≤ h where h is the biggest even number
such that h ≤ 32(d+ 1).
Furthermore, (6.5) yields that L(1, d, 1; 22r+1) goes to L(1, d − 2r, 1; 2) which is empty for 2r > d.
So Secd+2(SV
(1,1,1)
(1,d,1) ) fills the ambient space P
4(d+1)−1. However, as we have seen Secd+1(SV
(1,1,1)
(1,d,1) )
does not fill the ambient space when d is even.
Finally, L(1, d, 2; 22r+1) goes to L(1, d−r, 2; 12r , 2) which is empty for r > d. Hence Sec2d+3(SV
(1,1,1)
(1,d,2) )
fills the ambient space P6(d+1)−1.
Remark 6.6. We believe that it should be possible to produce rational maps, in the same spirit of
what we did in Section 6.3 for the case of P1 × P1 × P1, in order to explain most of the possible new
defective cases in the tables above.
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